PROBLEMS 12 - DIFFERENTIATION Page 1

(1) If f(x) = x sin 1 for x # 0 and f(0) = 0, prove that f is continuous but not
X

differentiable at 0.

(2) Find derivatives of the following functions using the definition of a derivative.

(i) x -1 (ii) asx (iii) sin x2 (iv) xsinx
x + 1
[Ans: (i) 2 (ii) 3a3xloga, (iii) 2xcos x2 (iv) xcosx+sinx]

(x+1)2’

(3) If f(x) = xzsinl, x #0 and f(0) = 0, prove that f’(0) = 0.
X

(4) K f(x) = ¢* - 1, x 2 0 and f(x)
differentiable at 0 ?

Isinxl, x < 0, is f continuous at 0 ? Is it

[ Ans: continuous, not differentiable ]

Find derivatives with respect to x of the following functions:

2 _. 2 . .
(5) x“ sinx Ans : X Iogxcosx+2x|ogzxsmx X sin X
log x (logx)
(6) 3%elogx |_Ans: 3"(1+x|og3)]
(7) x? 3% sin x [ Ans: 3X(Iog3.xzsinx + 2xsinx + xzcosx)]
1 x X c
(8) log (x") [Ans= } (9) - Ans: & (xlogx - 1)
(10) log[log(logx)] Ans : 1
x log x log (log x)
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Find derivatives with respect to x of the following functions:

(11) log(x + VX2+a2) Ans:;
x? + a2 ]

1-x =1
(12) 17 x Ans : ) 3
(1-x)2(1+x)2 |

(13) sin[loglcos (e* + x*)I]
[Ans: -(e* + 2x)tan(e* + xz)cos[loglcos(ex + x2)I]

(14) sin[cos {sin(e* + 1)I]

[Ans: -excos[cos(sin(ex+ 1))].sin[sin(ex + 1)].cos(ex + 1)]

(15) e'og!sinx| [Ans: cosx if sinx > 0, -cosx if sinx < 0]
2 2

(16) et@ X .gjn2 x [Ans: etan” X (gin2x + 2tan3 x)

(17) log!sin (tan x*)I [Ans: 2x cot (tan x?) sec 2 x?]

(18) /1 - sin2x, 0<x<g

. T . T T
Ans: =sinx =cosx for 0<X<Z’ cos x + sinx for Z<X<E’

not differentiable at x = %

(19) sin"'X, o0 <ixl<lal
a
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Find derivatives with respect to x of the following functions:

(20) sin"? 2xV1-x%2, Ixl<1

for IxI| < L not differentiable at |Ix| = i
J2

Ans : ﬁ forxe[-1, %]u[% 1}

(21) cos™ (4x3 - 3x)

Ans : _J forlxl<1, LI for x e [-1, -1Ju(%, 1J

V1= x2 2 V1 - x2 2
not differentiable for le=%
sec , < |xl < an x|l # —
(22) = 21 0<Ixl<1 d Ixl 1
2x< =1 2
2 1
Ans: = —— for 0<x<1 and x # —
[1 - %2 J2
; for =-1<x <0 and x¢-1
V1. x? V2
.1 COSX [ 2
23 t —_— . -
(23) tan 1= sinx (24) tan1[%]
1
1 Ans
[Ans. 2} [ 2(1+x2)]
_1 1 1_
(25) tan"’ ﬂ}z for T <x<2x [Ans: -
| 1+ cosx 2 |

(26) cot ™1
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(27) sin-1 %

[Ans: 2 2 for Ixl <1, = 2
1+ x 1+ x

2 for Ixl > 1, not differentiable for IxI| = 1

2
(28) Sec-11+—x

1-x2
2 + 2 +
Ans : 2 for x e R - {1}, =~ 2 for x € RT = {=1},
1+ x 1+ x
not differentiable for x = 0.
(29) cos 'x + cos~'V1-x2

[Ans: 0 for x > 0, =

for x < 0, not differentiable for x
1. x2

(30) sin -1 3sinx + 4cosx [Ans: +1] | (31) tan -1 asmx+bc?sx [Ans: 1]
5 acosx = bsinx

(32) tan =1 X

2
. Ans : 2(12 8x“) .
1+ 8x (1+16x°)(1+ 4x°)

2
(33) X Ja2.x%2 4 2 sin'15, a>0
2 2 a

[Ans: a2 -xz}

Solve the following problems as directed:

(20 Fre S B o= ol
dv

1+ t2

and v = tan ! 2t2
1-1t

for (i) Itl <1 and (ii) t> 1.

[Ans: (i) 1, (ii) -1]
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(35) If Ji—(x") =nx"1 for n e N,
dx
1 1
d , 1 -1 .
prove that — (xN )= —xn (neN, XxXeR").
dx n
2 _. 2 2
(36) Find & if cos(x + y?) = log (xy). Ans: - 2"25'“("2 +y2)+1 Y
dx 2y“sin(x“ +y“)+1) X
2
. ) y d%y
(37) If x=a(06 -sin6), y=a(1=-cos0), find — and >
dx
[Ans: cotg, - 1cosec“—}
2 4a
y d?y
(38) If x =cos® + cos20 and y = sin® + sin20, find — and 2
dx
Ans : dy  2cos26 + cos6 d2y 3(3 + 2cos0)
dx 2sin20 + sin® ~  gy2 (25sin20 + sing)3
2 2 d?y
(39) If ax® + 2hxy + by” = 0, prove that > = 0.
dx
3 3 T d?y
(40) If x =3cos0 - 2cos" 0, y = 3sind - 2sin” 6, 9#(2k-1)z, find 2
dx
1 3
Ans: - gcosec 0 sec 20
dy 2 2 1-y?
(41) Find —, if xy1-y° +yv1-x° =a. Ans: -
28 1. x?2
d2y
(42) Find 2 if X =2cost -cos2t, y = 2sint - sin 2t,
dx
t# 2kmn or(2k-1)£, k € Z Ans : isec?’ﬂcosec1
3 8 2 2

— 7
e ™
e

e e I
=
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Solve the following problems as directed:

2
(43) Find Y, if x = 3at2, y = 3at2. [Ans: ZtZ}
dx 1+t 1+t 1-t
) d2y 1 4
(44) If x=a(cose+logtan—), y = asin6, find —. [Ans: —sec esine}
d2y
(45) Find — if x=a(1-cos0), y=a(6-sind), 0 # k.
dx
Ans : lseczsgcosec2
4a 2 2
. dy . . X X X
(46) Find W’ if y=sinx”. Ans: x” (1 + logx)cos x
X
: b'e sinx dy
(47) For y = (sinx)” + x , find —
dx
. X . sin x sin x
[Ans: (sinx)” (logsinx + xcotx) + x (—+cosxlogx)}
X
(48) If y= (Vx)X + xVX | find :—y.
X
1
Jin &
Ans: %(\/;)x(1+logx)+%x 2 (logx + 2)
i A
(49) Find dy for y = x +(1+x)x.
dx
1 2 1 1
x x = x=(1+x)log(1+ x
Ans: x* (1=-logx) + (1+x)x o ( )2 9 )
X
(50) Find Y, if xMy" = (x + y)"* N, [Ans: l}
dx X
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(51) y= x** . Find % [Ans: xxx-xx'1(1+x|ogx +x(logx)2)}

2
(52) If siny = xsin(a + y), prove that &Y = Sin“(a+y)

X sina
2
(53) If y = x¥, prove that dy _ ¥ | xeR\.
dx x(1 - ylogx)

(54) Prove that f(x) = Ix - al is not differentiable only at x = a. Deduce that
Ix =21 +1Ix = 31| is not differentiable only at x = 2 and x = 3.

(55) If x =at”, y =2at and t = 0, then prove that yy, + y12 = 0, where

Yy =7 and y, =—.

(56) For x = tant, y = tanpt, prove that (1 + x2)y2 + 2Xy, = 2pyy,.

=1
(57) Ify=¢eMmS"™ X' prove that (1- x2)y2 - Xy, = m2y, where m # 0.

(58) If y = eX(cosx + sinx), prove that Y, =2y, +2y =0.

(59) If y= (x+ Vx2 4 1)™, prove that (1 + x2)y2 + Xy, = m2y.

(60) If y = (cos”'x)?, prove that (1-x?%)y, - xy, = 2.

1

(61) If y =sin(m sin™"x), prove that (1-x2)y2 - Xy, +m2y=0.

Et gﬁ] " www. schoolnotestu: comy
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Solve the following problems as directed:

(62) If y =sinpt, x = sint, prove that (1-x?)y, - xy, + p?y =0.

-1
(63) If y=eM@ X prove that (1+ x%)y, +(2x-m)y, = 0.

(64) If 2x

I
<
3
+
<
3

prove that (x2 - 1)y2 + Xy, = m2y.

(65) If y= eV +e"R, prove that 4xy, + 2y, -y =0.

n
(66) If cos'1% =Iog(%) , prove that x2y2 + XY, +n2y=0_

Find derivatives with respect to x of the following functions:

(67) x sin™ 1 2 , Ixl <A1 [Ans: + 2tan"1 x
1+x 1+ x
x cos™ x cos™1 x X
(68) —— Ans : -
2 3 1_ 2
1-X 2 -~ X
(1-x%)2
(69) tan! (M] [Ans: -1]
cos X + sinx

(x3- 2)y x2 +1
3

(x2 + 2x + 3)(2x - 5) 2

(x3 - 2)Vx2% +1 3x2 X 2(x + 1) 3
3

x3 -2 x2 + 1 x2 + 2x + 3 2x = 5

(70)

Ans :

(x2 + 2x + 3)(2x - 5)5

Et gﬁ] " www. schoolnotestu: comy
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Find derivatives with respect to x of the following functions:

(71) (sinx)'°9% 4 (logx)*

[Ans: (sinx)logx[logxcotx +MJ + (IOQX)X[Iog

1
+ Ioglogx]}
X

(72) ;tan'1 qutani [Ans: ;}
2 _p2 a+b 2 a + bcosx

Solve the following problems as directed:

(73) Let f(x) be a function satisfying the condition f(-x) = f(x) for all x. If f’(0)
exists, find its value.

[Ans: 0]
(74) If x = sech - cos® and y =sec"0 - cos"o,
2
then show that (x2 + 4) [:_y) = (y2 + 4)n2.
X
2 2
(75) If x =cos6, y = sin3e, prove that dy +y LI 3sin26(5c0329- 1).
dx dx2
2 d [ 3d2%y
(76) If y“ = p(x), then prove that 2—| y° — [ = p(x)p""(x).
dx dx 2
(77) If u and v are derivable functions of X,
then prove that i(u") = Y- 194, u"d—vlogu.
dx dx dx
f -2
(78) If f(2) =4, g(2)=9, f’(2)=g9g’(2), then find Ilim L {Ans: i}
x—>2 ,/g(x) =2 2

Et gﬁ] " www. schoolnotestu: comy
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2 2 3
(79) Prove that d"x _ _d%y —(ﬂ) .
dy? dx2 dx
; / 2
(80) If tanY = 1-€ tanX, prove that dy _ siny _ l=c”
1+ e 2 dx sin x 1+ ecosx
(81) If ky =sin(x +y), prove that y, =-y(1+ y1)3.
(82) If logy = logsinx - x2, prove that y, + 4xy1 + (4x2 +3)y=0.
(83) For = log. (lo x4) obtain dy Ans : 1
/ g ey ’ dx " x(log7)(logx)
a dy X
(84) If = log , prove that — =2 - —.
X =Yy X =Yy dx y
2 2 dy 1-y2
(85) Prove that \/1-x +\/1-y = a(x=-y), (a#0) > = [|———.
dx 1- x2
2 3
(86) For y = tan -1 3)(32—)(2, obtain ﬂ {Ans: %}
a(a“ = 3x°) a“ + x
(87) Prove that y = xlog[(ax) ' +a '] = x(x+1)y, +xy, =y~ 1.
(88) If y = xlog , prove that x3y =(y = xy )2.
a + bx 2 1
(89) If y=+x+1+ Jx-1, prove that (x?-1)y, +xyy =7

(90)

Differentiate sin™' x w.r.t. x, Ixl <1 using the definition of derivative.
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Solve the following problems as directed:

(91) If y= A(x + Vx2 -1)" + B(x -V x2%-1)",
prove that (x2 -1)y2 + Xy, - n2y = 0.

(92) If g(x1 + x2) =g(x1)g(x2) and g(x)# 0 Vx e€ Dg and g’(0) = 2,
then prove that g’(x) = 2g(x).

(93) if f'=g and f'(x) = , then prove that g’(y) =1 + [g(y)T>.

1+x3

(94) I f(a)=2 f'(a)=1, g(a)=-1 g’(a)= 2, then prove that
g(x)f(a) - f(x)g(a) = 5

lim
X—>a X =-a
2
(95) For p2 = a?cos?0 + b2 sinze, prove that p4 + p3 d—g = a’b2
de

dy _ (a2 -b?)2

(96) If (a-bcosy)(a + bcosx) = a’ -b2, prove that .
dx a + bcosx

(97) If Sn=a+ax+ax2+ ... upto n terms,

show that (1 -x)dixsn= nSp_1 =-(n=-1)S,.

dy _ siny _ y _ sinzy
dx 1- xcosy x(1-xcosy) siny-ycosy’

(98) P.t. y = xsiny =

(99) If y = f(x) is one-one and onto, p.t. f”(x) = - (f 1) [ (x)]>.

tan-1| ¥ X
dy x2 y?
(100) Find ax for x = e : Ans: x| — + 2
X




